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OEMA A

Al.  Bezwpio, oehida 194 oyoiucov Biiiov.
A2. Oczwpio, oehida 188 oyoiucov Biiiov.
A3. Bezwpio, oehida 259 oyoiucov Biiiov.
Ad. o) A P oI, v) oA, 8 I, £) >3

®EMA B

Bl. 'Ectowoz=x+yi,x,y € R Tote and 1 60GUEVN GYEOT TPOKVATEL
‘(x—4)+yi‘ :2‘(x—1)+yi‘ o (x-4) +)? :4[(x—1)2 +y2} &
< xP-8x+16+)° :4(x2 —2x+1+y2)<:>

3x* +3)y* =12 & x* +)* =27
Anhodn TpoxOTTEL KUKAOG LLE KEVTPO TNV apyN TOV a&OvmV Kat aktiva p = 2.

(B’ Tpoémoc) Exovpe Srodoytcd:
z-dl=2 |z~ z-4 =2" |z & (z-4)(7-4)=4-(z-1)-(z-1) &
©rz-4z-4z+16=4(z.z-z-z+1) 2. 2+16=4z.2+4 3z 2= 26| =4 o

oz =2.
JUVETMG O YEMUETPIKOG TOTOC TV EIKOVAV TMV Z givat KOKAOG LE KEVTPO TNV OpyN TOV
acovav Ko aktiva p= 2.

B2. a) Ow eivon mpaypotikog, av Kot HOvo av, eivor w =w .
[Ipdypott

_ 2z,
w=wo L o = <

2z, 2z, 2z
+—t=—t+— —
Z, Z Z, Z 122 Z1° 2,

<7t z02,42,°202,=2" 7, -

<(27)7-2,+(2,2,) 27, =(2,3)) 2, -2, +(2,5,) 2, 7, &
2 2 — 2 — 2 —

<:>|zl| ~zl'zz+|zz| ~zl'zzz|zl| ~zl'zz+|zz| 2,2, &

<4z, -2, +42z, =4z -2, +42,2, & 0= 0, aAnbég.

Apo w=wxuweR.

B) Apxeiva deiovpe 011 |w| <4.

[Ipdyport:



2 2
Z; -i-Z2

Z - Z

2z, 2z
1+ <4
ZZ Zl

H tehevtaia 1oydetl 0161t

|w|£4<:> S2<:>‘212+ZZZ‘S2|21|'|22|C}‘le-i-zzz‘ﬁ&

1 2

2 2 2 2 2 2 2 2 2 2 2 2 2 2
‘zl +z, ‘S‘zl ‘+‘Zz ‘@‘zl +z, ‘S|zl| +|zz| <:>‘z1 +z, ‘SZ +2 <:>‘z1 +z, ‘SS.

B3. Avw=-4c¢ivau
%+£:—4<:>i+i:—2<:> 2l +z)=-2zz, <:>(z1 +Zz)2 =0.
Z Z Z 4
Ao ™) oyEon (z1 + zz)2 =0 mpokimter z, +z, =0 2z, = —z,.
|z, — 2| = |2z, - 2| =|z|-|2i - 1| =2 |- 1+ 2] =25 .
|z3 —zz| :|21'z1 +Zl| :|Zl|'|2i+1| =2.45.
Mpoxbmret |z, — 2| =|z, - z,| < (AT) =(BI).
Apa 10 Tpiywvo ABI eival icookehég.
OEMAT
e” (x2 +1)—ex 2x  e* (x—l)2
I''. Eivatr f'(x)= 5 = —, X€
(x2 + 1) (x2 + 1)
[Tpoxvntet 0 enduevog mivakag petaffordv yio mv f.
X -00 1 +00
' + O +
Apan f etvor yynoimg avéovoa oto R.
Agov n f etvon cvveyng kot yvnoing avéovca, 1o chvoro TV Ba eivar To dtbotnua
(lim f(x), lim f(x)j.
) ) e’ ) .1
lim f(x) = lim — zllm(e > j:O-O:O.
X—»—0 x>0 x 4] x> x +1
*r 2 e’) *r 12 e’ , x
lim £(x) = lim ——= lim (2 ) = lim <~ Z lim () = lim < = 4
Yes+o0 x>t ¢l 4] xote (x + 1)’ x—>+0 2y DLH x>+ (Zx)’ x>t D
Apa 10 cOvoro Tiu®V TG f givor To (0, + o).
I'2.  H doopévn e&iocwon ypaeetat:



I'3.

4.

f(ef%—x -(xz +1)) _ f(2) . Oumg n f og yvnoing avéovoa eivatl kar 1- 1. Apa,
3 3

& f(x):%.'Ouwgn T %

e3 ex
wodvvaa ypaoetor: e *-(x* +1)=2< —=
HEL TR ( ) 2 x*+1

aviKel 6To cOVoAo TV TN £,  omoia eivan kot yynoimg avéovca. Apa vradpyet
3

povadko x, e R dote f(x,)= %. Anhadn, 1 Soopévn eéicoon Exet akpiPag pio
pila.
Bempovye T cvvapTNON:

h(x):]if(t)dt, x€(0,+0), pe A'(x)=f(x).

4x
H oyton J.f(t)dt <2x f (4x) pe x>0, ypagerat
2x
4x 2x

[ £+ | 7(0)dt <2 f(ax) > [ £ ()t [ (1)t <2 £ (4x)
@%<f(4x). (1)

Opwg yo v h oyvet to @.M.T. oto [2x,4x] omote vrdpyet £ € (2x,4x) hote

h(4x)—h(2x) h(4x)—h(2x)

— 2= —= .
4x—-2x (§)® 4x—-2x f(é:)

‘Etot opkei va Seydet o1t f (&) < f (4x) pe 2x <& <4x, mov opwg woydet dwotin f

etvan yvnoiong avéovoa.

H g eivai cvveyng oto xp =0 dotL:
INa kdBe x> 0 eivar:

[ f@de+["p@d [ fod+ [T F0d o+ nax)
i |

2

g(x)=
X X

h(4x)—h(2x) D o AR (4x) =2 (2x)
X x—0 (x)'

=lim (47 (4x) -2/ (2x)) =4/ (0)-2/(0)=4-2=2.

(Ago? 1 f etvan cuveync oto x, =0).

Apa lirr(} g(x)= lirr(}

Apan g eivail cvveyng oto 0.
o k6be x € (0,+00) eivau:

(%) {h(z;x)_h(zx)j’ {h(z;x)j’ _(h(zx)j’

X X X

(h(4x)), X — h(4x) -x' (h(Zx)), X — h(2x) -x'

x? x*

4f(4x)-x—h(4x)—2f(2x)-x+h(2x)

xZ




_ [2xf(4x) —2xf (2x)} +2xf (4x) - [h(4x) - h(2x)} _

2xf(4x)—4ff(t)dt

2

:z'f(4x)—f(2x)

+
X X

Opwmg 4x >2x kat fyvnoing avéovoa , pa f(4x)> f(2x) < f(4x)-f(2x)>0

4x
kot Aoy tov I's efvon 2xf (4x)— If(t)dt >0.

2x

Apa g'(x)>0 ywkabe x €(0,+x), omote (Mym g cuvéxEws oo 0), 1 g ivat

yvnoing avéovoa 6to[0,+) .

OEMA A

Al.

A2.

To kdbe x € R eivon:
f(x)eY+f(x)e’V=2& (ef(x) —e’f(x))' :(Zx)' &
el e /™ =2y4+c,ceR.

INa x =0 civar e/ —e /¥ =¢ xarenedny f(0)=0, mpoxvmret ¢ = 0.

, _ 1
Apo /P —e 'V =2y /Y -——=2x &
o™
2 2
<:>(ef(x)) —1:2x-ef(x)<:>(ef(x)) 2x-e/Yixt=x"+1

<:>(ef(’c)—x)2 =x’+1#£0, VxeR

Kol eXEON M e’ _x ocuveyns oto R, mpokdmrel 6T e’ _x dwatnpet TpOoNLO 6TO

R.

Opog /-0 =1>0.
Apaeﬂx)—x:m, T k4e x € R <
e’ = x ¥ 1, T k4fe x e R <

<:>f(x):1n(x+\/x2+l), 10 kGO x € R .

a) Eivon f’(x):(ln(x+m)), -

x+4x*+1 24/x*+1



P

B 1 '\/x2+1+x_ 1 e
x+\/x2+1 \/x2+1 \/x2+1’
-2x —-X
ko f"(x)= = ,xeR
2Vt 41 (¥ +1) (¥ +1)a +1

Amd ToV TOpPOKATE® TIVOKA TPOCUMV:

R

X | -00 0 +00

f1x) + Q@ -

)| N\ | 7\

npokvmTEL 6TL M f givor: Kupth oto (—o, 0], koikn o10 [0, +0), evdd Tapovcidlet
onueio kapmg oto onueio (0, £(0)) = (0, 0).

Etvor x— f(x) >0 yio xé0e x € [0, 1]. [Ipdypartt:
(o’ TpoOmOCQ):
Oewpovpe T cuvvdpton g(x) = x — f(x) oto [0, 1]. H g eivon mapaywyicn oto

[0, 1] pe
g'(¥) =(x—f(x)' =1- f(x) = 1—\/21_1 - “jxj_l‘l >0 Vxe[0,1],

X+ 1

+

pe v weotnta g'(x) =0 va woy0el povov yo x = 0.

Enopévogn g etvan yvnoiong avéovoa oto [0, 1].
Onote g(x) > g(0) V x € [0, 1]. Opwg g(0) =0 — £(0) =0.
Apag(x)>0Vxe[0,1], dpa x—f(x)>0V x e [0, 1].

(B> Tpomog):
H avicomta x— f(x) >0 y1o kdbe x € [0, 1].umopel va amoderydel ko ¢ eENG:

Enedn f(0)=0, f'(0)=1, n epamtopevn me Cr o10 [0,+ ) éxet eicoon
y—-f(0)=£'(0)-(x-0)= y=x.

H f opog eivar kol oto [0,+%), apa n Cr Ppicketar “kote” oamd v
gpamtopévn mg ¥ =x oto O (0, 0) yw 10 dibompa [0,+), dpa kat o [0,1].
‘Etot f(x) <X Yo xe [O,l]<:>x—f(x) >0y x e [0,1].

"Etou sivan £ = J.Ol(x — f(x))dx = J.; xdx — J.; f(x)dx =
:J.ledx—J.olln(er\/xz +1)dx )

Etvon

2] 04

o J.Olln(er\/x2 Jrl)abc:J.le'-ln(er\/x2 +1)dx:



A3.

A4.

- ln 1+I} ﬁ 1] In(1+42) -2 +1.

Onors n (1) ypdoerot:

E:%—(ln(1+\/§)—\/§+l):%—ln(l+\/§)+\/§—l:
:\/5—11'1(1-{-\/5)—% T. 1.

Enedn f'(x) = >0, VxeR mpoxvmtelétif 2 oto R.

1
Vx?+1
Onodte ylox > 0= f(x) > f(0) =0, evd 11mf(x)—11m[ln(x+\/x +1)} 0.

—0"

101¢E lirgl (ln |f(x)|) = lirgl (In f(x))= 31:51 (Inu)=-o

Eivat lim Kejof (’)d’—ljlnlf )| |= lim Kejof mdt—ljlnf (x)}
x—0" x—0"

= lim | S () I S ()
Ynohoyilovpe
ej‘:fm)dt -1 % . ej"fzw fA(x) 10

[ J 1 —_1 -_—— =

m e
S f() e f(x) ]

; 1
. ® L
— —_— = u = 1 =

. 11m [f(x)lnf(x)} = 11m ) (o lnu)—rlllﬂrgl+ T LH}HE{_ ] V}Lfgllu 0.

u u’
eJ':fz(t)dt 1
Apa lim | ————— f(x)-In f(x) |=0.
x—0" f(X)

H doopévn e&iocwon ypaoeetat:

(x—2){1—3x£2f(tz)dtj+(x—3){8—3jjfz (t)dtj

(x—=2)(x—-3)

=0, xe(2,3).



x-2 by
Oempodue ) ovvapton g(x)=(x —2)(1 -3 I f(tz)dtj +(x—3)(8 — 3J'f2 (t)dtj )
0 0
N omoia givon cuveyng oto [2, 3] ue

g(2):—8+3jf2 ()t Km‘g(3):1—3jf(tz)dt

Ouwg oto eparmnua A, €xet amodeydet 6T f (x) <x, v kdBe x >0 . Enedn elvat kot
2 2
8
f(x) >0 yw kabex e R mpoxdmrer: f2(x)<x” omote kan J.fz (x)dx < Ixz dx = 3
0 0

Apa g(2)<0.
And mv f(x)<x thpa O&toviag dmov X 10 X, TpoKkvaTEL f (xz) <x” Ko éTot
1 2
1
x*)dx < |x*dx=—.Apa g(3)>0.
!f (x*) ! S Apa 2(3)

Sovends g(2)g(3) <0 kat érot amd 0 Bedpnpo Bolzano vrpyet x, €(2,3) dote

g(x,)=0,3nhadn 1wodvvapa n e&icoon

(x—2){1—3x£2f(tz)dtj+(x—3){8—3jjfz (t)dtj

(x—=2)(x—-3)
oto dbotnpa (2, 3).

=0, &yel pla TovAdyiotov Avon



